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SIMPLIFICATION OF A-RING EXPRESSIONS IN THE GROTHENDIECK
RING OF CHOW MOTIVES

DAVID ALFAYA

Abstract. The Grothendieck ring of Chow motives admits two natural opposite A-ring structures,
one of which is a special structure allowing the definition of Adams operations on the ring. In this
work | present algorithms which allow an effective simplification of expressions that involve both
A-ring structures, as well as Adams operations. In particular, these algorithms allow the symbolic
simplification of algebraic expressions in the sub-A-ring of motives generated by a finite set of curves
into polynomial expressions in a small set of motivic generators. As a consequence, the explicit
computation of motives of some moduli spaces is performed, allowing the computational verification
of some conjectural formulas for these spaces.
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1. Introduction

A J-ring is an abelian unital ring endowed with a set of maps 4" for each natural number which

satisfy the identities

n
200x) =1, (X)) = x, ANX +y) = 200"
i=0

These rings, first introduced by Grothendieck, generalize simultaneously several common structures
in mathematics. For example, binomial coefficients\rf’ give a A-ring structure on Z and symmetric
powers and exterior powers of bundles induce different A-ring structures on the K-theory of a
manifold.

In algebraic geometry, A-ring structures play an important role in invariant computations and,
more precisely, in computations of motives of algebraic varieties. In addition to its relation with K-
theory, symmetric powers of varieties induce a natural A-ring structure on both Grothendieck’s ring
of varieties Ko(Vark) and several spaces of motives, such as the ring of Chow motives CMg
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and its Grothendieck ring Ko(CMk) [ 1. In particular, it is common for the motive of a variety
to be described as an algebraic expression in the corresponding A-ring.

In particular, this type of A-expressions appear naturally in the computation of motivic classes of
different types of moduli spaces. For example, the virtual classes in Ko(CMk) of moduli spaces of
vector bundles of rank n = 2, 3 over a curve X with fixed degree and fixed determinant are obtained
as algebraic functions of the classes of symmetric powers of the curve C and the Lefschetz motive L
[ , , , ]. This also holds for moduli spaces of Higgs bundles [ ] and,
conjecturally, for the virtual class of moduli stacks of vector bundles of any rank in the completion
of the Grothendieck ring of varieties [ 1.

Nevertheless, manipulating, simplifying and comparing these type of expressions can be difficult.
Expanding A operations on an arbitrary A-expression in a general A-ring is not always entirely possi-
ble, as expressions like A"(xy) or A'(4 (x)) might not be simplifiable unless the /-structure satisfies
additional axioms (e.g., providing a special A-ring structure). Moreover, expressions involved in
motive computations sometimes involve more than one A-structure (typically, a A-structure, its
opposite structure and its associated Adams operations). Even when possible, expanding these
operations directly from the axioms can be computationally demanding.

In this paper, an algorithm for simplifying arbitrary algebraic expressions involving a i-ring, its
opposite A-structure and its associated Adams operations is obtained under the condition that the
opposite J-ring is special. More precisely, the algorithm transforms any such expression into an
integral polynomial in A-powers of elementary generators of the original expression (see Algorithm
1 and Theorems 3.7 and 3.8).

Theorem 1.1. Let Lj—rings = (+, -, -, 0,1) U{A", ¢", y"}nen be the language of rings with two
A-structures 4 and ¢ and Adams operations y, and let T be the theory of A-rings (R, 1) whose

opposite A-structure, o _is special. Then for gach expression ¢(xy, . . ., Xn) in the language Lﬁ_r-ngs,
there exists a unique integral polynomial P¢ €Z[X11, .-, X1ds---+ X1, ..., Xnd JSUCht at
1

T |= VX1, oo X gXa, - Xn) = PRGHK), - A% (), 20w, L 2T ()
Moreover, for torsion free rings, Algorithm 1 finds the polynomial PA¢from every expression ¢.

In particular, this is the situation happening in the Grothendieck ring of Chow motives, where the
J-ring is induced by symmetric powers of varieties. This A-ring is not special itself, so, in principle,
simplification of arbitrary expressions would be challenging, but in [ ] it is proven that its
opposite A-structure is indeed special, so the proposed algorithm can be applied. In particular,
incorporating the properties of motives of curves, we obtain a way to reduce any motivic expression
generated by a finite set of curves into an integral polynomial in a finite set of motivic generators
(See Theorem 4.1 and Algorithm 2)

Theorem 1.2. Let Xa, . . ., Xn be smooth projective curves over a field K of characteristic 0. Then
any expression Pg in the sub-(4, o, y)-ring of the completion of the Grothendieck ring of Chow
motives RO(CMK) spanned by the motives of the curves and the Lefschetz motive L = [Al] is
simplified by Algorithm 2 into an integral polynomial P¢ such that

¢(L, [XJ_], ey [Xn]) = P¢(L, arl, ...,algyy -, an,gn)
where aj x = AX(h1(Xi))).

As an application of this theorem, we will verify computationally a conjectural formula stated by
Mozgovoy [ 1 for the moduli space of twisted Higgs bundles on a curve in low rank, genus and
degree of the twisting line bundle. To check the result, we will compare it with the recent motivic
formula for such moduli spaces obtained in [ ]. In principle, both formulas are very different
and involve nontrivial expressions in the A-ring of motives. Moreover, in the case of Mozgovoy’s
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conjecture, the expression involves the application of Adams operations for the opposite structure
of the symmetric A-ring structure on several A-ring expressions. Using the proposed algorithm,
both formulas are converted into integral polynomials on the same set of generators, which depend
solely on the curve. The resulting polynomials are verified to coincide, thus proving the conjectural
formula for the motive.

The structure of the paper is the following. We start recalling the definitions of A-structure,
opposite A-structure and Adams operations, as well as the algebraic relations between them (Sec-
tion 2). Section 3 includes the main simplification theorems for L, —rings-terms and the proposed
simplification algorithm for abstract A-rings (R, 1) whose opposite /-structure is special. =~ These
results are then particularized in Section 4 for the A-structure on the Grothendieck ring of Chow
motives induced by taking symmetric powers of varieties. As an application, in Section 5 we will
apply the proposed algorithm to prove computationally that Mozgovoy’s conjectural formula for
the motive of the moduli space of L-twisted Higgs bundles holds in low genus, rank and degree.
Finally, as an annex, some of the obtained explicit simplified polynomial formulas for the motives
of such moduli spaces of twisted Higgs bundles are included.

Acknowledgments. This research was funded by MICINN grant PID2019-108936GB-C21. I would like
to thank André Oliveira for useful discussions.

2. A-rings and Adams operations

We will start by a brief reminder about A-ring structures (c.f. [ 1, [ D. Let R be an
abelian unital ring.

Definition 2.1. A A-ring structure on R is set of maps (not necesarily homomorphisms) ' : R —
R indexed by natural numbers i € N which satisfy the following properties.

(1) Forall x €R, 2°%(x) = 1 and A1(x) = x.

(2) Forallx,yeRandallneN

n
ANx+y) = A00A"Y)
i=0
Alternatively, we can codify the information of the A' maps into a generating series

ax) = A0t
i=0
In this context, condition (1) ensures that for each x € R, A(x) € 1+tR[[t]] and it is therefore
an invertible series and condition (2) is equivalent to stating that for each x, y € R the following
equality holds in 1 + tR[[t]]
(X +y) = A(x)Ay)
i.e. that the map 4t: (R, +) —— (1 + tR[[t]], -) is a group homomorphism. From these properties
one can deduce that for each A-ring structure 1 on R, there exists an “opposite” A-ring structure
ogiven by the following relation 0 0
-1
(2.1) ot(X) = o OOt = O A) (=) O = (G—0))

i=0 i=0
In particular, as 1 = A(0) = A(X)At(-x), we have

ot(—=x) = A—t(X)
SO

(2.2) a'(-x) = (-1)""(x)
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Definition 2.2. A A-ring is special if, moreover, for all X,y e Rand alln,m e N
1 n

n ( n 1 )
Axy)=Pn 2 0,....4 0,4 (¥),....,.4 ()
A"CM(X)) = Pam (Al(x), el z”m(x))
where Phe Z(X1,...,Xn, Y1, ..., Yn) and Pnm € Z(X1, . . . , Xnm) are certain universal polynomials

called Grothendieck polynomials, defined as follows. If
n

Sn,m(X]_, e ,Xm) = N
1<ji<...<jn=<m k=1>(jk
is the elementary symmetric polynomial of degree n the m variables Xg, ..., Xm, then
m
" n (
Pn,m (Sl,nm({Xi}), . Snm,nm({xi})) = Coefftn 1+t M Xjk
1<ji<...<jm=nm k=1

n
Pn (51,n({XiD), - . . Snn({Xi}), sL.a({YiD), . . .. snn({Yi})) = coeffin  ~ " (1 + tXiYj)
ij=1
If 1 is special, then a certain set of well-behaved endomorphisms of the A-ring (R, 1) called
Adams operations can be constructed as follows.

Definition 2.3. Let 4 be a JA-ring structure on the ring R. Let Nn € Z[s1, . . ., sn] be the n-th
Hirzebruch-Newton polynomial, defined as follows. It is the unique polynomial such that for each

m € N
m

X = Nn(st,m({Xi]), - - ., snm({Xi}) € Z[Xq, . . ., Xm]
i=1
Then for each n € N, define the n-th Adams operation of the A-ring (R, 1) as

yn() = Nn(Z'(X), . . ., A"())
Proposition 2.4 (c.f. [ , Theorem 9.2]). If 1 is special, then
(1) Foreveryje€N, yj:(R;1) = (R,4) is a A-ring homomorphism.
(2) Forevery xeR, y1(x) =x.
(3) Foreveryi,j €N, yi ° yj = yij.

From this point on, let (R, 1) be a A-ring, and assume that the opposite A-ring structure, which
will be called o, is special. Let yn be the Adams operations associated with such special -
structure o. Let us recall some algebraic relations between these three families of maps, A", "
and yn. Although most of these relations are well known in the literature (c.f. [ 1, I D, a
proof of each of them is included as, in addition to demonstrating the corresponding results, they
present some effective recursive methods for the computation of the maps which will be used in the
main simplification algorithm.

First of all, solving the triangular system of equations defined by Equation (2.1) and taking into
account that the opposite structure of ¢ is 4 yields the following.

Proposition 2.5. Foreachn> o there exists adegree n polynomial P°P(x ,...,x YEZ[X, ..., x]
such that for all x e R "ot " ' "
a"(x) = PP, . . ., AN(x)

) = PP, . . ., a"(x))
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and the polynomials PY} satisfy the following recursive relation.

PP =1
n—1
o B
RP= PPy, i(-)n~*1 vn >1
i=0
i=0

Proof. As the opposite A-structure of ¢ is 4, it is only necessary to prove that there exists a set of
polynomials satisfyig the given recursive relation and such that for each x € R

a"(x) = PPUL(X), . . ., A"(X))

We will prgye this by induction on n. For n = 0, the axioms imply that ”%Q() =1 =2%(x) for each
XER,soP %= 1 as stated. Let n > 0 and suppose that the polynomials P~ exist for each i <n
1

and stisfy the requiered properties. For every x € R we have

0 - 00 _ 0O . _ )
1=0  SJeot00  Ae(-Hi0 = AN T )(-1)" TV K
i=0 j=0 n=0i=0
Thus, for everyn > o
n—-1
A0+ AT = o
i=0
And, therefore
n—1 ) ) )
") = SOAT)(-)" T
i=0
Now we can apply induction and write A(x) = Poﬁ’(/ll(x), ), so
n—1 op _ _ _
)= P00, ..., A0 (=)
i=0
As this holds for each x € R, taking
n—1
RP = PPPxn_i(-p)" ™1
i=0

i=0
we have ¢"(x) = PP(1(x), . . ., J"(x)). Finally, the fact that the degree of PP is nis trivially
n n
proven inductively, as from the recursive equation we have
deg(P°P) < max {deg(P°")} + 1
n 1=<i<n !
Suppose that deg(P?p) =iforalli<n. Then
deg(P°P) < max {deg(P")} +1=n-1+1=n
n 1=<i<n !
and, moreover,
deg(R°Pxn—) =i+1<n

foralli<n-1,so o
deg(P°P) = deg(P°® xn) = n
n n—1
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By construction, recall that the Hirzebruch-Newton polynomials Nn provide an algebraic depen-
dency of the Adamas operations in terms of the special A-structure o.

(2.3) wn(X) = Nn(a(¥), . .. ,a"(X))
The following presentation of Newton’s identities
n—-1
(2.4) yn0) = (D" ") - (D" "W VX ER
i=1

provides a fast recursive method for computing such degree n Newton polynomials
(2.5) N1 =x1
n—-1
(2.6) Nn =(-D)" *nxn - D" Xn—iNi
i=1
If R is a divisible torsion free ring, then it is well known that the process can be reverted and
that the special A-structure can beexpressed as an algebraic combination of Adams operations

Proposition 2.6. Let (R, o) be a special A-ring such that R is torsion free. Then for every n > o,
there is a degree n polynomial Ln(X1,...,Xn) € Q[X1,...,Xn] such that for each x e R
6" (x) = Ln(y1(0), . . ., wn(x))

satisfying the following recursive relation.

L1 =x1

( n-1 )
Ln = (—l)nian + (_l)l_lL
h i=1

In this expression, we write “Y=1g(”to denote that there exists an elementin R which multiplied
by nyields X (whichisunique by torsionfreeness ofR) andthatY issuch element.

hiXi vn>1

Proof. Rearanging Newton’s iden&ity (2.4) we have that foreachx € R
n—-1
") == 0"y 0+~ e 60y ()
n
i=1

Moreover, 6*(X) = x = w1(X), so L1 = x1 and, inductively, it is clear that if (X)) = Lk(p1(x), . . ., wk(X))
for all x e R and all k < n, then if we define Ln by the given recursion, the following holds for each

X ER. C
n—1

0= 0" 0+ ()" 0y (0

n 1

n-171
=7 Comly 0+ (O a0y O =L 6O, )
i=1
Finally, the degree n assertion becomes straightforward from the recurrence relation. It is clear
by induction that the degree is at most n. If we focus on the monomials of the form x 1 in the

polynomials, it is straightforward to prove inductively that for each n = 1, coeff x» (Lng /=0. We
know that L1 = x1 and computing the coefficient of ¥ in Ln in the recursion equ ation and taking
into account that deg(Lyk) < n for each k < n yields

coeffL = 1(-1)"lcoeffL /=0 Vvn>1
n N n—1

n n—-1
Xl n Xl
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D

Combining the polynomials Ln and Nn with the opposite polynomials P°pk for k < n, we can
obtain similar relations between the Adams operations y and the non-special A-structure on the
ring, .

Corollary 2.7. Let (R, 1) be a torsion free A-ring suc at the opposite A-structyre o js = special.
Then ?or every n > o, gﬁer% Ps a csegree n po ynor%laﬁJ Llapt& L x%pe Qtfx PREE ij suach thaP or
n n

eachxeR
") = LP(yp(x), . . ., wn(X))
Proof. The existence of the polynomial is clear, as we know that for each x €R
A = Ponp(al(x) ,,,,, a"(x) = PO:(Ll(l//l(X))' o bn(pa®), .. wn(X)))

SO

LP(x1, ..., %) = POP(La(xw), . . ., Ln(x1, . . ., Xn)) € Qx4, . . ., Xn]
1 n
We can then use the recursive definition of P°} to verfy inductively that the degree of the r(_esultin%
polynomial is exactly n. For n =1itis trivial, as L = xi. ssume that deg(L™") =i for al
1

1
i <n. Applying the recursive equation for P°h from Proposition 2.5 yields

n—1 op _ _ Zivr "1 oop .
L(:-]p = P(:-]p(Ll, ey Ln) = P , (Ll, ey L|)Ln—|(—1)n ! = L , Ln_i(_l)n—l+l
i=0 i=0
D
Corollary 2.8, Let (R, 1) be a 4-ring suchghat the opposite structure ¢ is special. Then for ever
n> o, thereis a d(egre)ze n po yno%nslal Ncm(x L %pe ZEX TRRE xﬁ sﬁc tﬁat foreach x e R y
n n n
yn() = NPUYX). . . ., A"())
Proof. The proof is completely analogous that the one for Corollary 2.7, taking
NP = Nn (PP, ..., P°P)
n 1 n
D

3. Abstract simplification algorithm

Let us consider the following languages:
e Let Lrings = {+, -, -, 0, 1} be the language of (unital) rings.

e Let Li—rings = Lrings U {A", 0", wn}nen denote the language of rings with two opposite
J-structures 1 and ¢ and Adams operations y.

e Let L%i[\{gs = LrininU {-/n}nen be the language of divisible rings.

e Let LA ) A—rings U {*/n}nen be the language of divisible rings with a (4, o, y)-
—rings
structure.
Moreover, let T be the L) rings-theory of Ly _rings-structures (R, +, -, -, 0, 1, 4, o, ) which satisfy

that
* (R, +, -, 0, 1) is an abelian unital ring.
» Jand o are oposite A-ring structures on R
e oisaspecial A-ring structure.
 y are the Adams operations of ¢

Finally, let Te © T be the theory of Lj_rings-structures satisfying T such that (R, +) is torsion
free.
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Definition 3.1. Let ¢(x1,...,xn) be an Lj_jings-term in n variables. We define recursively
the maximum J-depth of the term ¢(xs, . . ., xn) in the variables (xg, . . ., Xn), which we write as
depth(¢) = (dy, . . ., dn), as follows.

(1)

depth(o) = depth(1) = (0, ..., 0)
2 _
depth(x) = (o, .. ., 1I ...,0)
() Ifa(x1,...,xn) and &(X1,...,Xn) are Ly—rings-terms with respective maximum A-depths

depth(¢) = (d1,...,dn), depth(¢) = (dl, d)
n
then
depth(-¢) = depth(¢) )
depth(¢ + &) = depth(¢ - &) = (max{ds, d }1, ..., max{dn,d })
n
(4) If ¢(xa, ..., Xn)is & Ly—rings-term with depth(¢) = (d1, . . ., dn), then for each k > 0
Analogously, define the maximum -depth of an Ld‘VAfrings-term by the relation

depth(¢/n) =depth(¢) VneN
The following notations will become useful inthe nextlemmas. We say that (ld' ...,d)=(dy,...,dn)

’

ifd’_sdiforalli=1,...,nandwesaythat(d'l,...,dn')<(d1,...,dn)if(dl,...,g'rbs(dl,...,dn)
| ’ ’
and (dl, ...,d)/=(dg,...,dn). Finally, given a tuple of positive integersd = (dg, . . ., dn), we will

n
write k[x41 to denote the ring

K[Xg] := K[X1,1, . . ., X1,dy, X210 -+« X2,dp s+« - » Xnydi |
and we will write
2900 1= 290xa, . .., xn) 1= Q). - .., A% (xa), A2(x2), . ., A%2(x2), . . ., A9 (xn))

The idea is that the maximum A-depth of an expression identifyies the maximum A¥ that has
to be computer of each variable (xi, . . ., xn) in order to compute the expression. Here are some
examples of depths of terms in L rings

Example 3.2. For all polynomials P (xa, . . ., Xn) in Lrings involving all variables xi, . . ., Xn
depth(P (x1,...,xn))=(1,...,1)
Example 3.3. For allk>o0
depth(2X(x)) = depth(d* (x)) = depth(y(¥)) =k VK
Example 3.4.
depth(23(y + o?(xy) + w3(¥))4%(x)) = (6, 9)
Remark 3.5. If d" < d, then we have a canonical injection
KD 1= kx4

First of all, observe that the algebraic relations from the previous section allow us to rewrite any
expression in a A-ring (R, 1) whose opposite A-structure o is special exclusively in terms of either
A or o, without changing the maximum A-depth of such expression. More explicitly, the following
Lemma holds.
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Lemma 3.6. Let ¢(x1,...,xn) be aL,- rings-term. Then there exists a Lrings U {¢"}-term ¢o and
a Lrings U {A"}-term ¢, W|th the same maximum A-depth as ¢ such that

T|ZVX111 n¢(xl,1xn):¢0(xl1, n)

T |=VX1, ..., Xn (X1, ..., Xn) = dA(X1, . . ., Xn)

Proof. Let us prove it inductively in A-terms. If ¢ is a constant or a variable, then ¢o = ¢) = ¢
stisfies the result. If ¢ = ¢ + ¢, then
bo=¢0+ 4o
satisfies the statement, as in both cases . ) .
depth(¢o ) = max(depth(¢ ), depth(¢ )) = max(depth(¢ ), depth(¢ )) = depth(¢)
(o] g

Similarly, if ¢ = ¢ - ¢, then, analogously, ¢o = ¢ o+ ¢ , If ¢ = ¢, then go = —¢o holds. If
¢ = d¥(¢)) for some k, then ¢o = 6¥(¢ ) clearly satisfies the result, as
depth(¢o) =k depth(¢’o) =k depth(¢) = depth(¢)
If ¢ = 2%(¢") for some k, then take
do =PP@ ), ... (@)

Taking into account the induction hypotye31s on ¢, by Proposition 2.5, T |=VX1, . . ., Xn o (X1, . . . , Xn) =

#(x1, ..., xn) and we have ’ ’ ’ ) )

depth(go) = max(depth(s*(4 ), ... ,depth(ak(¢ )))) = max(depth(¢ ),...,kdepth(¢)) = kdepth(¢ ) = depth(g
o g

Analogously, if ¢ = yi(¢) for some k, then take ,
po=No(¢ ), ... "4 )

The previous computation of the depth of ¢o also works in this case and, by construction of wg
(Definition 2.3), T |= VX1, ..., Xnda (X1, . .., Xn) = ¢(X1, . . ., Xn). The result for ¢, is completely

analogous, setting NOE from Corollary 2.8 instead of Nx from Definition 2.3. D

Theorem 3.7. Let ¢(x1,...,%n) be a Lji—rings-term with A-depth depth(¢) = (d1,...,dn). Then
there exist unique polynomials

PAX11, ... X0d o X2 1y Xnd ) € ZIX11, .. Xnd | = Z[Xdeptn(g)]
P;(xl,l, . X1d 1 X2.1,- .., Xn.d § € Z[x1,1, ..., Xn.d :] = Z[Xdepth(g)]
such that
T |= VX1, ..., Xn ¢(X1, ..., Xn) = BRG(x), - . ., 291 (x1), M%), . . ., 29 (xn))
T |= VX1, ..., Xn ¢(X1, . .., Xn) = PF(a*(x). . . ., o (x1), o' (x2), . . ., o (xn))

Proof. We will address first existence the polynomials.  The existence of P2 pclearly follows from
the existence of P° ¢ as Proposition 2.5 implies that

T |= VX1,...,%n 30 (M (xa), . .., o9 (x1), o (x2), . . ., o9 (xn)) = P°¢(P°p(/11(x1)), L PP, L AN(x1), ...
1 di

so we can take

Pg(xl,l, .. Xnd )= PC;(POlp(Xl), ce Podp (X112, ..., X1d )y - -+ Pjp(xn,l- .oy Xnd )
n 1 1 n n

Let us focus on the existence of P9 By the previous lemma we can assume without loss of
generality that % and yy do not appear in ¢. Let us start by proving that if ¢ has the form
¢ = o*(¢) where k= 0 and ¢ is a Lrings-term, then ¢ satisfies the Theorem. Let us prove it
inductively on terms of ¢ .
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If¢ =oorg¢ =1,then P =0 or P = 1 satisfy the Theorem respectively. If ¢ = xj for some
j, then )
, i
depth(cX(¢)) = (0, ...,k ..., 0)
and P J 9 /oy = Xjk considered as a polynomial in Z[x1,1, ..., X1, . .., Xk - - ., Xn,1] clearly satisfies

the result for each k
If¢y =¢ + é, t en

K
T |=VX1,....XnoX($ | + ¢y) = & (8 )g" T (¢ ),

j=0

j=0
By induction hypothesis, then for each jand | =1, 2

i’ o j depth(¢)
T | VX1,....Xno ((X1,...,%Xn)) = Pgifo (X
where P? . € Z[x -]. Thus
ol (¢)) k depth(¢,)
k

) o , . 3 | . ) .
T |[=VX1,...,Xno (¢ 1(X1,...,Xn)+d €X1,...,Xn)) = j:) o1 @A IPNOD)IPG_; (4, (oKD depPth($2)(x))

j=0
and a straightforward computation shows that last polynomial lives in
Z[Xk depth(g’ +¢')] = ZXdeptn(p)]
4 ’ 4 1 2
In an analogous way, if¢ =¢ - ¢ ) then

T |=VX1,...,Xn0o (¢ (x1, . . xn) ¢ (X1, . .., Xn))

= Pk(al(¢ O, .. xn)) "(¢ (x1, ) 0'1(¢ X1, ..., X)), ..., 0% (2¢’ (X1, . .., Xn)))
o] depth(¢) o k depth(¢") 0’ depth(¢) o kdepth(¢")

=Pk(Pg1(gy(c LX), ..., Pogylo 1(X)),Poigy(o 2(X)), .., Pokgy(o 2(x)))
composing the lastpolynomlals Pk(P9 -,...,PY9 .)weobtain the desired polynomlal which
01(¢1) ok (¢2)

clearly lives in Z[Xmax{k depth(¢’ )k depth(@’ )2} = Z[Xdepth(¢)]- Finally, if ¢ = o*(—¢), then we can
use the identity (2.2) and Proposition 2.5 to obtain that
T |= VX1, ..., Xn O'k(—(ﬁ’(X]_, co ., Xn)) = (—1)k/1k(¢’(X1, co, X))
= (-DXPP P (xa, . X)), - M (X1, ..., xn)))

And we can then repeat the previous argument on & (¢') for each j = 1, . . ., n, obtaining a poly-
nomial

p(P (ﬂdepth(q} )(X)) (¢’)(ldepth(¢ )(X))) € Z[X kdepth(gb)] = Z[Xdepth(ak(—¢'))]

Now, we are ready to prove the main theorem inductively on terms of L) rings-expressions. We
have already seen that the result holds if ¢ is a constant or a variable. Suppose that the result
holds for two expressions ¢1 and ¢2. Then clearly

g (o] g
Poi+¢, = P¢1 + P¢2 € Z[Xmax{depth(¢1),depth(¢2)}] = Z[Xdepth(pi+42)]

P3s, = Py
o1 € ZlXmay{depth de 1 = Z[Xdeptn ]
o Pk Pl Sowe o

and, for each k, we have

T |=VX1, ..., Xn 0 (ga(x1, . . ., Xn)) = (R (6PNPI(x)))
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so, applying the previous argument, we know that there exists P such that
ok (Pgy (Xdepth(ﬁl)))

T|=Vx,..., x o¥(PY (o9 (@)(x))) = PO (M (X)), ..., (X)), ..., (e (x )))

1 n 1 oK (P gy (Xdepth(gy))) 1 1 n
where (d, . . ., dn) = depth(¢1). Then, we can simply use the fact that o is special to get that for
eacha, b, c

A (0°(xc)) = Pap (0 (xc), . . ., 0% (xc))

To obtain that

o} e

Pok(@n) = Pok Py, (Xdepth(m)))(Pl,l,Pz,l, o Pk1,P12, P2, Piodi ) € ZIX kdepth(g)]

Finally, let us prove uniqueness of the polynomials. Suppose that given ¢(xq, ..., xn) of depth
(d1, ..., dn) there exist P9 and Qe v&ith the given properties. In particular, if we apply the result
to the free special A-ring in variables x, . . ., xn we have that

Pg(al(xl) ..... ad"(Xn))—Q‘; (M (x), . . ., o9 (xn)) = 0

but in the free special A-ring generated by such variables, the elements & (xi) are all algebraically
independent, so Pg - Q"¢= 0. The proof for uniqueness of P i%completely analogous. D

Then, we propose the following algorithm for computing the polynomial P P

Algorithm 1 Simplification algorithm for L, rings-expressions

1. procedure A-simp(@,X1,. .. ,Xn)
2: Compute (dy,...,dn) = depth(¢)

3: for each xi do

4: for each k < dj do

5: Computerecursively Wi x = PAwk(Xi) = N?(p(Xi,l, )

6: end for

7 for each a, b, ab <dj do

8: Compute pg p(Xi) = PAwa(Ab(m)) = LP(Wiar1, Piasz, - - - Piash)
9: end for

10: end for
11: Scan ¢ and substitute

wk(w) = ApplyPsi(w, k, {Hap (X)})

M(e) > N L ApplyPsi(o, 1, {Hap(D)}), ..., ApplyPsi(w, k, {Hap(xD}))  if @ /=X1,..., %
Xi,k if w = Xi

o) - Li(ApplyPsi(a, 1, fpap O0)}), . . ., ApplyPsi(e, £ {Hab (X0})
to get . ¢ Polynomials Ly, L pk, N . are pre-computed using recurrences from Propositions

2.5, 2.6 and formulas from Corollaries 2.7 and 2.8.
12: Execute ¢ and expand the resulting rational polynomial
13: end procedure
14: function ApplyPsi(¢,K,{labn(Xi)})
15: for each xi do

16: for each j do
17: Substitute xij by pj (xi) in ¢
18: end for

19: end for
20: end function
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Theorem 3.8. For each Lj—rings-€Xpression ¢ in a torsion free A-ring R, Algorithm 1 computes
the polynomial PA¢from Theorem 3.7.

Proof. First of all, observe that, due to Corollary 2.7
Tee |= VX pa(2°(X)) = Wa(LOZ(l//l(X), e 00)) = L°p(bt//a(W1(X)), - walpp(X))) = L0p(%a+1(x), o warb(X)

Therefore, it is clear that pa p(xi) contain pA b , as asserted.
wa(A (xi)

Given any L, ings-expression ¢ with depth(¢) = (ds, . . ., dn), by Theorem 3.7 we have that for
each integer k

T |= VX1, ..o X0 p(@(XL, - - xn)) = p(PRGE(x), - . ., A% (xn)))
On the other hand, as yx are homomorphisms, we have
T |= VX1, ..., Xn WK(F;j(zl(xl) ..... 297 (xn))) = pr(wul(xl)) ..... (29 (xn)))

Thus, applying y« to any L, rings-expression ¢ is equivalent to substituting A(x) (ak.a., variable
Xi,j by the polynomial pin,j (i) in the associated polynomial PA¢
On the other hand, Proposition 2.6 and Corollary 2.7, we obtain that

Tee |= VX1, .., Xn AK(B(x1, ..., Xn)) = LOP(pa(g(x1, ..., Xn)), .., wk(B(X1, ..., Xn)))

Ter = VX1, ..., Xn 6K(A(X1, ..., Xn)) = La(wa(d(X1, ..., xn)), ..., yk(#(X1,...,Xn)))

Thus, if w = PA(%,depth(@(x)) for some ¢ then applying the function ApplyPsi(w,k,{Hab(x)}) yields an
integer polynomial Qk () € Z[Xk depth(w)] = Z[Xk depth(¢)] such that

T |= VX1, % Quiw) GX ®PND00) = 4 (Py GO D00)) = yH (Bxw, ... Xn D) = P s (A< 4P ()

By uniqueness of the polynomial PA of Theorem 3.7, we obtain that Q

_pA
v @) , @) = Py
Similarly, under the same assumptions on w, if now @ is either y(w), i¥(w) or o%(w), then
applying the substitutions and executing ApplyPsi in the main loop of the algorithm to such w

yields a rational polynomial Q- on variables Xij such that
Ter | ¥X1, - X0 Qu (A PPN 00) = 0 (xa, ..., xn) = PAHPNO ()

Multiplying by a big enough natural number N , we would get that NQ,, is an integral polynomial such
that

Ter | VX1, xn NQu (2K HPN@(x)) = NPA KIPN@(x)) = No'(x1,..., xn) = PA (i deptn@) )
w’ Nw

By uniqueness of P4 of Theorem 3.7, we obtain that NQ, = Pf) - = NP* .Assuming that the
rings are torsion free, this implies that Q,- = P* -

On the other hand, by construction, each expression of the form 4 (xi) is transformed at the main
loop into a variable x;,j which is exactly P}/\u‘ (x)- As the substitutions of the main loop are executed
from the inner-most parts of the formula ¢, the previous argument then shows that after each set
of substitutions is made, the resulting formula is an integral polynomial which coincides with the
simplified polynomial predicted by Theorem 3.7 for the corresponding expression. Therefore, when
the algorithm ends, the result is PA¢ D
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4. Simplification of expressions in the Grothendieck ring of Chow motives

Let K be a field of characteristic 0 and let Ko(CMk) denote the Grothendieck ring of motives
over k with rational coefficients. By [ 1, Ko(CMk) admits two natural opposite A-structures,
induced by the symmetric product of varieties. Given a Chow Motive M, take

(MDD = [Sym"(M)]

More precisely, define the symmetric product Sym"(M ) as the imageof * -, ", g, 0 @ X®N = XN,
Similarly, take

a"(IM D) = [Alt"(M )]

n 1 ) sga n n
where Alt  is the alternating product, defined as the image of n1  aes, 1) 4:X o5X
Heinloth [ ] proves that A" and ¢" are A-structures Ko(CMk), but only ¢" is a special -
structure.

Let L = [Al] € Ko(CMk) be the Lefschetz object. In addition to Ko(CMk), we will also consider

its localization Ko(CMK)[L’Dl] and its dimensional completion .

Ko(CMK) = [Y/]L™" [Yr] € Ko(CMK) with dimYr —r — —oco .
O O
r=0

as, for some applications, we will need elements of the form L" or L" — 1 to be invertible. Both A-
structures then extend to the localization and its completion, as L is 1-dimensional for the opposite

structure ¢ (and, as such, yn(L) = L" for all n).
Given a motive M , the formal sum

[Sym" M Jt" = 2([M 1)
n=0
is usually called the motivic zeta function of M and it is classically denoted by Zm (t). The
motives and zeta functions of some varieties then admit some interesting decompositions and closed
expressions when expressed in terms of the /-ring structure A" = Sym". For instance, if X is a
projective curve of genus g = 2, then by [ ] its motive splits as [X] = 1 + [h!(X)] + L and,
moreover, the zeta function of [h'(X)] ia a polynomial of degree 2g, usually called Px (t). Then

Z ®=AXD =20+N001+L) = A AN OOD: W= " P @ ' -  Px®
X t t tot t 1-t X 1-Lt @(-9Ha-Lo
The motive [h1(X)] and its zeta function/polynomial appear in many additional computations of

motives of geometrical structures associated to the curve X. For instance the motive of the Jacobian
of Xis

29
[Jac(X)] = 2'((h*(X)D) = Px (1)
i=0
On the other hand, the elements Ai([h}(X)]) have certain relations among them, which can be
deduced from the following functional equation due to Kapranov [ 1 (see also [ D.
1
Zy — = L17927207 (1
XLt x(®)

In particular, the following properties hold
(1) For all i > 2g, A'([h1(X)]) = o.
(2) Forallg<i=<a2g,
AROON = L9297 (W (X))
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Let us write
ai(X) = A ((h' )N i=1,...,0

if X is clear from the context, we will omit it and simply write aj = aj(X).Then

Px () =1+ a10)t + a20)t2 + . . . + ag OOt9 + Lag—1t9™ + . .. + L9 1a 12971 4 [ 9¢?9

It is therefore straightforward to see that any algebraic expression in the i-terms iX([X]) can be
expanded as a polynomial in a1, a2 = 4%(a1), . . ., ag = A9 (a1) and L. There is, nevertheless, a key
difference in working with expressions involving A-operations on [X] and on a1(X). The dimension of
[X] in (ko(CMK), A) is infinite, whereas the dimension of ai(X) is finite (2g). Thus, expressions
involving arbitrary large numbers of 1 operations on X are always equivalent to polynomials in the
same fixed number of variables a, . . ., agand L. Using Theorem 3.7, we can extend this intuitive
argument to further arbitrary expressions spanned by curves in Ko(CMK).

Theorem 4.1. Let X1, . .., Xn be smooth projective algebraic curves over a field K of characteristic
o of respective genra g1, . .., gn. Let ¢(L, [Xa], ..., [Xn]) be any Ly—rings-term in the sub-(4, o, y)- ring
of Ko(CMk) spanned by the curves and the Lefschetz object. Then there exists an integral
polynomial Py € Z[L, a1,1,...,a1q,, - .., an,g, ] Such that
Proof. Expressing [Xi] = 1+a1(X)+L, we can rewrite ¢ as some expression ¢ in a1(X1),...,a1(Xn)

p(L, [Xa], ..., [XnD) = (L, 1+ a1(X2) + L, ..., 1+ a1(Xn) + L) = ¢ (L, a2(X1), . . . , a1(Xn))

Let (do, d1, . . ., dn) = depth(¢). Then Theorem 3.7 implies that there exists a polynomial

such that
(41) ¢ ai(XD),...,a1(Xn) = PP, ..., 2% (L), AH@1(X)), . .., 2% (a1(Xn)))

Nevertheless, we know the following relations.
e JK(L) =LK wk
e K@i(x))=ax Visks<gi
o JK(a1(X) = Lk 9azg k(X)) V@i <k <2g;
e K@i(X)) =0 Vk>2g
Thus, all the generators in the right hand side of the equality (4.1) are always algebraically generated by

L and ak(Xi) for 1 < k < gi. Substituting the corresponding algebraic relations at the right hand side
of (4.1), we obtain the desired polynomial Pg. D

Finally, with some little adaptations, Algorithm 1 can be used to compute the polynomial Pg
from the previous Theorem.
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Algorithm 2 Simplification algorithm for motivic expressions
1. procedure motive-simp(¢,Xi,...,Xn)
2: Rewrite ¢(L, [X1],...,[Xn]) = ¢ (L,a1(X1),...,a1(Xn))

3. Compute (do,d1,...,dn) = depth(¢)
4: for each curve X; do
5: for each k < di do o _ _
6: Compute recursively ¥ x = pA =N%®aig,... ,aig,Laig -1,..., L% 1ai1, L%, 0,...,0)
wr(ai(Xi) k i i
7 Ha,1(Xi) =Wia
8: end for
9: for each o, B, aff < di, 2<,B<gi do
10: Compute Ha, ;3(X) pA waag (X)) = L%p(lpi,(nla lpi,or+2a CIEIE IPi,01+,[3)
11: end for
12: end for
13:  Scan ¢ and substitute
wk(w) — ApplyPsi(w, k, {Haps (X)})
0 LeP(ApplyPsi(o, 1, {Ha,8(Xi}), .- ., App1yPsi(w, K, {Ha,s(Xi)}) ifo ai(X1),...,a1(Xn)
L &k ifo =a1(Xi), k=g
Kk kK—gi,. . .
A= e f=pf) Rk
0
5o ifo=a1(Xy), k=>2g;j
() = Li(ApplyPsi(w, 1, {Has XD}, . . ., ApplyPsi(w, k {Ha,p (XD}
1
(o) - Lk(ApplyP81(jw 1, gua g (XD}, ..., ApplyPsi(w, k, {Ha, £ €0)) .
to get . ¢ Polynomials Ly, L 5 are pre- computed using recurrences from Propositions

2.5, 2.6 and formulas from Corollarles 2.7and 2.8.
14: Execute ¢ and expand the resulting rational polynomial
15: end procedure

16: function ApplyPsi(¢,k,{Ha,g (X)})
17: Substitute L by LKin ¢

18: for each curve X; do

19: forj=1,...,gido

20: Substitute ai,j by p,j (Xi) in¢
21: end for

22: end for
23: end function

Theorem 4.2. For each Lj—rings-term ¢(L, [X1], . . ., [Xn]) spanned by motves of curves Xi, ..., Xn
and the Lefschetz object L, Algorithm 2 computes the polynomial Py from Theorem 4.1.

Proof. It follows directly from Theorem 3.8, using aj,1 = a1(Xi) as generators X of ¢', once we take
into account that variables a; x with k > gj are not algebraically free anymore, but rather given in
terms of ai 1, . . ., ai,g; and L as

— Lk_giai,ZQ i—k if gi <k < 2gi
LY if k = 2gj
= 0 if k > 2g;
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5. Computational verification of a conjectural formula for the motives of
moduli spaces oftwisted Higgs bundlesand Liealgebroid connections

Let X be a smooth complex projective curve of genus g = 2. Let L be line bundle on X of degree
dL = deg(L) and suppose that d. = 2g - 2 + pwith p>0. An L-twisted Higgs bundle on X is a
vector bundle E together with anhomomorphism

$:E-> EQ®L

called Higgs field. An L-twisted Higgs bundle (£, ¢) is called semistable if for all subbundles F € E
such that ¢(F ) € F @ L we have

deg(F) _ deg(E)
tk(F) ~ rk(E)

Let M((r, d) denote the moduli space of semistable L-twisted Higgs bundles of rank r and degree
donX (cf. [ D.

As an application of the previous methodology, we will compute explicit simplified formulas for
the motives of some moduli spaces of rank 2 and rank 3 L-twisted Higgs bundles on X as integer
polynomials in the motives ay, . . ., ag and the Lefschetz motive L, where

ai = A(h1(X))

and we will use this to verify computationally that some conjectural formulas from Mozgovoy
[ ] about the motive of the moduli space of L-twisted Higgs bundles hold, at least for low
rank, genus and degree.

More explicitly, we will apply the proposed algorithm to the following formulas from [ ,
Corollary 7.7] obtained through the Bialynicki-Birula decomposition of the variety.

Theorem 5.1 ([ , Corollary 7.7]). (1) Forr=1
[ML(X, 1, d)] = [Jac(X) x HO(X, LY)] = L9*1~9 py (1)

(2) Forr=2,if (2,d) =1,

L4di+4-49 Py (1)Px (L) - L9 Px (1)
(L-1(L2-1)

[ML(X, 2,d)] =

B
4+ L3dv2-20 py (1) 228 (XD,
d=1



SIMPLIFICATION OF A-RING EXPRESSIONS IN THE GROTHENDIECK RING OF CHOW MOTIVES 17
(3) Forr=3,if(3,d) =1,
[ 9dL+9—9g px(1) (
ML(X, 3, d)] = L3911 + L + LD)Px (1)?
[ML(X, 3, d)] L - DZ- 23— 1) ( )Px (1)

- L2971 + L)?Px (1)Px (L) + Px (L)Px (LZ)‘
|3+ 2

2
L7dL+5 59 Py (€] d+g —2d +d 2 —2d +d

+ L —1 L A ' y([X]+L)Y-4 * Y([XJL+1)
di=1

)2 [2+5L

L7d +5-5g p (1

+ C X | dl*'g_li_Zdl +d_+1 ([X] + LZ) — ) —2d +d_+l([x]|_ + 1)
-1
di=1

do [(1+dL—-a)/2]

+ |_6d|_+3*3g Py (1) Afd1+d2+d|_ ([X])ﬂl*dl —2d2+dL ([X])
di1=1 do=max{—d_+d1,1—d1}

and the following conjectural formula from [ , Corollary 3] (in the rewritten form presented
in [ , Conjecture 7.12]) obtained as a solution for the motivic ADHM recursion formula.

Conjecture5.2. [ ,Conjecture 3], [ ,Theorem 1.1and Theorem 4.6], [ , Conjec-
turey.12] Foreachintegern=1,let

n
Hn(t) = (—t2G) 1) ai))p(1-9)2(s)+1) 7, (th(s)as)),
AEPh sed(A)
Define H((t) for r = 1 as follows

¢
Hi()T = (1 - t)(a - Lt) PLog Hn(D)T"
r=1 ) n=0 |
—(1-9a-y MOy, 10g 1+ H OT"
- J n
j=1 J n>1
K+1,,0iy
—a-va-p SO e
j=1k=1 n>1
Where Pn denotes the set of partitions of n, considered as decreasing sequences of integers A =
(A1 =42 =---= 1k > 0) with ”'i‘:l/li =n, and for each 1 € Pp,

d) = {G, ) € 2?1 <i, 1<j <A},

a(i, j) =4i—j, I(i,j)=/1]-' —i=max{l|4 =j} -1, h(i,j) =a(i,j) +10,j) + 1,
and the operator PLog in the formula is the Plethystic logarithm for the Adams operations associated
to the opposite structure o, defined as

()
PLog(A) =  —— yllog(A)].
j=1

Then H(t) is a polynomial in t and

pr r(g—1)+p 'Y

[Ma (rd)]=(-1) L 2 Hr(2).
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Algorithm 2 has been applied to the previous formulas from Theorem 5.1 and Conjecture 5.2 to
obtain the following simplified motivic polynomials

pBB pAPHM c 711 a1,...,ag]
g.rnLp  a.rp

representing the respective formulas for each genus g = 2, rank r = 2 and p > 0 in the sense of
Theorem 3.7. As these polynomials are integral polynomials in a small set of variables, they could
be compared computationally in a direct way, and the following wasverified.

Theorem 5.3. Let X be a smooth complex projective curve of genus g. Then

BB ADHM
Pgrp =Pgrp
if the following conditions hold
e 2<(g=<11,
e 1=sr<3,

e dis coprime with r and
e 1<sp<20(aka. 2g-1<-dL=<2g+18).
In particular, as [ , Corollary 7.7] together with Theorems 3.7 and 3.8 prove that

[ML(r, )] =P gL, h'(X), ..., 29 (h' (X))
then this shows that Mozgovoy’s Conjecture 5.2 holds if such conditions are satisfied.

Remark 5.4. As a consequence of [ , Theorem 6.7], the resulting polynomials P8 — pé“PF'jM

also compute the motives for the corresponding moduli spaces of Lie algebroid connections in rank
2 and 3.

6. Annex: Motives of the Moduli space of twisted Higgs bundles in low genus

This annex contains some examples of simplified polynomial formulas for the motives of the
moduli space of L-twisted Higgs bundles of rank at most 3, with deg(L)=2g- 2+ pand p>o0

in low genus. These formulas have been optained a ing the sed Algorithm 2 to Mozovoy’s
Conjectural formula 5.2. The polynomials Pg r,p =pFPbB'qﬁ = Ppggpgependgon an = i”([fM(X)]) aynd
g,r.p g,r

g P

the Lefschetz motive L. The resulting polynomial has then been factorized to improved readability.
Please notice that the equations from Theorem 5.1 imply straightforwardly that the motives of the
moduli spaces are multiples of

29

Px (1) =[Jac(X)]=  A"(h'(X))=1+a1+as+...+ag+Lag—1+...+ L9 ta; +1L9

n=0

This can be observed in all the computed cases.
As these formulas have been computed from Conjecture 5.2, they were, in general, just con-

jectural, but, as stated in Theorem 5.3, they have been computationally verified for 1 < p< 20
showing that they agree with the equations from Theorem 5.1.

P2,l,p=|—p+1( 2+arlL+ar+az+1
L
Psip=LP2( S+a1l?+a2L+a1+az+as+1
L
Paip=LP( 4+a1l®+al®? +asL+ar+az+as+as+1
L
2 2

Poo1=L"\L +aiL+ai+a+1 2L+ai+az+Lar+L ag +2L% +L3+L%+2’

10( 2 2 3 2 3
P222=L 'L +asL+ai1+a2+1 2L+2a1+ax+2Lai+Lax+L a1+L a1+42LJg2L

+L +L +2
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|°2,2,3=L13 L%t asL+ar+az+1 2L+2a1+2a2+3La1+La2+2L2a1+L2a2+L3a1
+L%a1+3L%+2L3%+2L% +L°+1%+3”

16( 2 2 2 3
Poos=L L +aiL+ai+az2+1 3L+3a1+2a2+4Lai+2Laz+3L ai+L a2+2L a
+Llar+ a1+ LPar+3L%2+3L3+2L%+2L% +L°%+L7+3

2 11

Paa1=LY"L +a1L+a1+a2+1)(L +L0 4 1 %a +3L%+21%a +4L8 +gqLl7 a1+ L7 a2
+7L  + %%+ 8L%a1+LPar+ 9L + LPa®+12L%a1 +4L%a +14 L% + 3% al?
+L%ara2+18L%ar+5L%a2+15 L%+ 5% a1’ + 2 L%atax + 22 L3ar+ 9 L3 ax + 18 L2
+6L%a1°+4L%a1a2+24 L%2a1+10L%a2+15L%2+6Lar’+5Laraz+ 18 L ar + L az?
+10Laz+12L+3a1° +4a1a2+9a1 +a +6a2+6

2 14

Pp32= L2 (L +ail+ai1+az+ 1) (L +LB 412 a1 +3L2 + 2™ ag + 4L + 4110

+4L% a1+ %4
+7L0 4+ 1%a2+81L%ar+ LPaz+ 9L+ LPar’+12L%a1+ 4 LPaz+ 15 L8 + 3 L7 ar?
+L'ajaz+19L7ar+5L a2+ 18 L7 +5L%a1°+21%a1a2+ 28 L%a; + 10 L%az + 25 L®

+8L%a1°+4 L%a1a2+38 a1+ 13 L%ax + 28 LP+ 13 L*ar’ + 7 Larax + 44 L* a1
+L%a%+19Ll%a+ 32 +v16 L3 ar’+12L3a1ax+ 50 LPar + LPa® + 21 LPaz + 29 L3

+17L%a1°+15L%a1a2+ 44 L2ar+ 3 L2 a2’ + 23 L2az + 27 L%+ 15 L a1’ + 16 L a1 @2
+32Lar+4La’ +17Laz +16L+6a12 +9arax+16a1+3a’+12az+ 10

2 17

Po33=L% (L+a1L+a1+a2+1) (L L8 1B+ 31 P Mar+ 4+ 4181+ L% a2
+7 LB 4122248 L2 ap +LPay +9 L2 41 ag? +12 LM ag +4 LM ap +15 L1 +3 L1045
+L0aa+19L0a+5L0a+18 1%+ 5%+ 21 .%a1a2+ 28 L%ar + 10 LPap + 27 L°

+8L%a’+418arar+40fa1+13%a+331L8+13L7ai’ + 77 arar+54 L7 a1
+L7a?+217a2 +43L7 +19L%a2+121%a1a2 +711%a; + L®a? + 26 L%ar + 48 L®
+27%a’+18 P arax+ 82 LPar+3L%a% + 36 LPa2 + 55 L + 34 L*ai’ + 27 LY a1 a2

+92Ll%1+4L%a%+40L%a2+53 L% +38 L% a1’ +34 L2ata2+ 91 L3ar + 7 L% ax?
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